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The three-body system Li+(H20)2 was analyzed to study that non-additive 
part of the interaction potential which can be obtained by the Hart ree-Fock 
approximation. 

For long and intermediate distances the three-body correction was found to be 
well represented by the induction energy, where bond dipoles are induced on 
each water molecule by point charges located on the (unpolarizable) lithium 
ion and on the other molecule respectively: for shorter distances this approx- 
imation was corrected by means of an exponential repulsive term. Such a 
potential model for non-additive interactions was extended to the more 
general situation Li+(HzO)n, and Monte-Carlo calculations were carried out 
on clusters containing up to six water molecules; comparison with other 
simulation results and with available data showed a significantly improved 
agreement with experiment. Tentative values for AH are presented for n = 7, 
8 . . . . .  20, where experimental data are not available. 
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1. Introduction 

In the study of liquid water [1] and ionic solutions [2, 3] the Monte Carlo, MC, 
technique has proven most useful to provide reliable structural data. In the above 
studies the total intermolecular interaction is approximated by pairwise additive 
potentials, V(i, j). It is known, however, that the exact intermolecular interaction 
for n-body systems must be expanded in a series of two, three . . . . .  n-body terms 

V = E  V(i,/)+Y. V(i,j, k)+ . . .  +E V(i,/, . . . .  n). (1) 

From preliminary quantum mechanical studies on small ion-water clusters [4] it 
appears that the above series converges rather slowly and the terms have alternate 
signs. The three-body correction has been analyzed elsewhere in detail for the 
systems lithium ion-water-fluoride ion [5] and water-water-water [6]. In this work 
we shall limit the analysis of the V(i, L k) term, to the contribution present in the 
Har t ree -Fock  model, when applied to the whole system water-ion-water; that 
means in this work we do not include those corrections that are related to electron 
correlation and can, in principle, be obtained by a full C! on the whole system. For 
reasons of economy we have examined the Li+(H20)z system. Preliminary results 
on the potential energy surface have been reported previously [7]. 

2. Computation of the Three-Body Correction in the Hartree-Fock 
Approximation 

For simplicity in notation, in referring to the Li+(H20)2 system, we shall designate 
the two water molecules as W1 and W2, the corresponding oxygen atoms as O1 and 
02 and we shall refer to the plane defined by O1, 02 and Li + as reference plane. We 
have considered over two hundred different configurations for the LiW1W2 
system. In all configurations we have kept a constant value of 3.55 a.u. for the 
intermolecular separation (01--Li) ;  this value corresponds to the minimum in the 
L i + - - H 2 0  system [8]. As geometrical variables we select R(O2--Li)  and the angle 
~b defined as O1--Li- -O2.  

The configurations analyzed can be grouped into four types. In type 1 the 
molecular planes of W1 and W2 coincide with the reference plane; in type 2 only 
the plane of W1 coincides with the reference plane, whereas for W2 the molecular 
plane is perpendicular to the reference plane; in type 3 the role of W1 and W2 is 
inverted and in type 4 both molecular planes are perpendicular to the reference 
plane. The basis sets used in the computations are extended Gaussian basis sets 
with polarization functions, previously used [8], that yield a total energy for water 
of -76 .05538  a.u. and for Li + an energy of -7 .2305  a.u. These values are not far 
from the Har t ree -Fock  limit of - - 76.066 a.u. for water [8] and -7 .2 3 6 4  a.u. for 
Li + [9]. For each configuration we have computed the Har t ree-Fock  energy of the 
pairs W1--W2, Li--W1 and Li--W2 (note that the interaction energy for Li--W1 
needs to be computed only once, since only one geometry is used; it corresponds 
to a binding interaction of -0 .05473  a.u.). The total interaction energy I for the 
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Li- -W1--W2 system is defined as 

I = E (Li--W1--W2) - 2E(W) - E(Li  +) (2) 

with E(W) = E(Wa) = E(W2); this interaction energy has not been corrected for 
the basis set superposition error [10], since with the basis set adopted, the error is 
probably small relative to the quantities in discussion, i.e. the three-body cor- 
rection. From a previous analysis [6] of the superposition correction in the system 
(H20)3, the superposition error for the geometrical configurations considered 
here, should go from negligibly small values (at large separation of W~ and W2) to 
about one tenth of a kilocalory. The non-additive correction to the two-body 
potentials is given by AE defined as 

AE = I -  E ( L i - - W ~ ) -  E(L i - -W2)- -E(WI- -W2) .  (3) 

For each configuration we computed the values of R(O2--Li) ,  the value of the 
angle ~, E(Li--W2), E(WI--W2), I and AE. Comparison between the value of I 
and the corresponding values of AE shows that non-additivity correction is 
definitely not negligible and can be as large as 10 to 15% of the total interaction. 
For the energy surface of type-1 complexes, see Fig. 1. 

3. Analysis of the Non-Additivity Correction Term 

Non-additivity of intermolecular interactions can be conveniently discussed using 
the language of perturbation theory. Thus the exchange-type contributions to the 
interaction energy are non-additive in all orders of the perturbation theory. The 
first order polarization energy, i.e. the electrostatic energy, is additive. In the 
second order the polarization energy is composed of two parts: the induction 
energy which is non-additive, and the dispersion energy which is additive. 

As for third-order contributions we shall mention only the Axilrod-Teller  term 
[11], related to the dispersion interaction and not included in the SCF interaction 
energies. However,  in the case of polar systems the Axilrod-Teller  term is small 
and can be neglected. Thus, except for the second order exchange dispersion 
energy which is believed to be small, the non-additive energy, as calculated in the 
SCF approach contains all nonadditive contributions to the interaction energy up 
to second order. 

In a recent study of water trimers [6] it has been shown that for this system the 
non-additive interaction energy can be reasonably well approximated by the 
non-additivity of the induction energy due to the interaction of atomic point 
charges and induced bond dipoles. If for this system the non-additive exchange 
effects are small, they are likely to be relatively still smaller for Li+(H20)2 where 
the induction energy is larger than in (H20)3. Hence one may expect that the 
non-additive contributions to the SCF interaction energy of Li+(H20)2 can be 
approximated by the non-additivity of the induction energy which can be easily 
evaluated. 

Let  us treat each water molecule in Li+(HzO)2 as a system of two bonds polarized 
by the atomic charges of another H 2 0  molecule and of the Li + ion. The Li + ion will 
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be assumed to be unpolarizable. Thus the total induction energy can be expressed 
a s  

E(2)  ~ (2 )  •  
ind : J-:'ind,A n- L'ind,B (4) 

where A and B denote the two H 2 0  molecules, respectively, and 

~,(2) = 1 
ind,K --2  ~. [o~T(~a " ~ a ) + c S a ( ~ a "  e a )  2] (5)  

AeK 

where o~ and 6a denote the transverse polarizability and its anisotropy, respec- 
tively, of bond a in the molecule K, {a is the electric field vector at the midpoint of 
bond a 

~5-Ra,. (6) ~ = ~ q~ 
~x hp. 

where the summation extends over the Li § ion and over atoms of the water 
molecule different from K, q ,  is the point charge of a tom/x ;  R ~  denotes the 
radius vector from atom/x to the midpoint of the bond A, and ea is the unit vector 
in the direction of bond A. From Eqs. (4) to (6) the non-additive component  of E~a 

~(2) which depends on the can easily be obtained. It is given by that part of /~ind 
product q ,  ' q~ with/x and v denoting atoms one of which is Li § and another 
belongs to the water molecule different from K. Hence the non-additive inter- 
action energy in the system X �9 A �9 B, with an unpolarizable ion X, is proportional 
to the charge qx of the ion X. 

In numerical calculations standard values of the bond polarizabilities have been 
used: a~H = 3.91 and 8oH = 1.42 a.u. [12]. For the point charges in H 2 0  we have 
used the values q0 = -0 .682  and qi~ = 0.341, obtained using an extended basis set 
[6], and successfully employed in a previous study of the non-additivity of 
interactions in (H20)3. 

The results for the four types of configurations of Li§ are shown in Figs. 
2-5, where the solid lines denote the results of the SCF calculations, and the 
broken ones have been obtained from Eqs. (4)-(6). 

The agreement is seen to be very satisfactory. Appreciable differences between 
the two sets of results appear only for short distances where the non-additivity of 
the first order exchange energy, related to the overlap effects, becomes important. 
Note, however, that the equilibrium Li. . .O distance in Li+HaO is 3.55 a.u. Hence, 
the overlap effects not included in the second-order induction energy, become 
important only for repulsive configurations of Li§ 

4. The Short Range Correction 

The induction correction as defined by Eq. (4) describes the long- and the 
intermediate-range behaviour but breaks down at shorter distances. In this 
distance range the differences between the AE values calculated by the aid of Eq. 
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Fig. 2, SCF and induction non-additivity for Li--(HzO)2 in type-1 configurations 
Fig. 3. SCF and induction non-additivity for Li+(H20)2 in type-2 configurations 
Fig. 4. SCF and induction non-additivity for Li'-(H20)2 in type-3 configurations 
Fig. 5. SCF and induction non-additivity for Li+(HeO)a in type-4 configurations 

(3) and those obtained from Eq.  (4) can be fitted by a correction term of the form 

Esr=A exp { - C 1 "  R(01--02)-C2" [R(Li+--O1)+R(Li+-O2)]} (7) 

where  the coefficient's values for A, CI and Cz are 1.52 �9 105 a.u., 0 .19  and 2 .24  
respectively and the distances R are expressed in a.u. 

5. Extens ion  of the  Potential  M o d e l  to a More  General  Situation and 
Computer  Simulation 

Let  us rewrite Eq.  (6) in the form 

J ~ K  
(8) 
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where 

AAI = Y. ~---~---RA~. 

Here the subscript a refers to a bond in the K t h  water molecule, the subscript J 
refers to another water molecule and/or  to the Li + ion, and the subscript/~ refers 
to the point-charge distribution therein; we shall write Y~A as a short-hand notation 
for Y,K E*~r~. 

2 

Y~(~A'~A)=~(~KAAJ)  =Y~ Y~ (AAj'AA,)+Y.~'Y/(Am'AAL) (10a) 
A 3" A J : # K  A J L 

and 

~ (~A " eA)2 = ~  eA " j ~ A A  : ~  , ~ ( A a j  " CA) 

=Y~ Y~ (AAj" eA)2+Y~37Y/ (eh" Am)(eA" AAL), (10b) 
A J # K  A J L 

where the primes in the summation signs mean L # K, L # J, J # K ;  eh = ex,K 
refers to the hth bond in the Kth water molecule. 

We define the non-additive induction energy for our many-body system by 

A J # K  

A J # K  

as for the short-range correction term, we sum Eq. (7) over all pairs of oxygen 
atoms. 

We carried out Monte-Carlo calculations on clusters Li+(H20)n, with n ranging 
from 1 to 6 (which appears to be the largest value for which experimental data are 
available) and suing the following potential models 

a) pure two-body potentials: 
Hartree-Fock ion-water potential as in Ref. [13] and CI water-water potential 
from Ref. [14]. 

b) Same two-body potentials as under a), and many-body terms from Eqs. (7) and 
(11). 

Monte-Carlo calculations were carried out at T = 300 K; the results are reported 
in Table 1 and Fig. 6, together with experimental data [15, 16] and Monte-Carlo 
results from Ref. [4], obtained with the same Hartree-Fock ion-water potential as 
our (Refs. [13]) and a different (Hartree-Fock) water-water potential [17]. 

The small difference between the two columns of two-body results in Table 1 is 
due to inclusion of the electron correlation correction in the water-water potential 
used in our calculations; this term is neglected in Ref. [4]. 
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Table 1. Li+(H20)n clusters; Monte-Carlo results at 300 K; all 
energies in kJ �9 tool -1 

n - U l / n  a - U 2 / n  b - U 3 / n  c - 1 / n  ~Hexp d 

1 140.2 140.1 - -  142.3 
2 134.4 134.9 125.9 125.2 
3 125.3 126.9 104.7 112.3 
4 115.1 118.0 97.2 101.4 
5 - -  104.7 88.1 92.8 
6 - -  94.9 80.5 85.7 
(statistical (+0.2) (+0.4) 
errors) 

a UI: Results from Ref. [4], two-body potentials. 
b U2: Our results, different two-body potentials. 
c U3: Our results, two- and many-body potentials. 
d AHexp: Ref. [15, 16]. 

C o m p a r i s o n  shows tha t  t h e  n o n - a d d i t i v e  i n t e r a c t i o n  b r ings  a b o u t  a s ign i f ican t ly  

i m p r o v e d  a g r e e m e n t  wi th  e x p e r i m e n t .  O n  t h e  who le ,  t he  m a n y - b o d y  p o t e n t i a l  we  
p r o p o s e d  he re ,  a p p e a r s  to be  b o t h  phys ica l ly  w e l l - f o u n d e d  a n d  c o m p u t a t i o n a l l y  

t r a c t ab l e .  

In  T a b l e  2 we  p r e s e n t  M o n t e - C a r l o  resu l t s  for  n = 7, 8 . . . . .  19, 20,  a n d  t e n t a t i v e  
va lues  for  AH.  A s  a p p a r e n t  in T a b l e  1, for  2 - - n  _-< 6, the  e x p e r i m e n t a l  A H  is 
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Fig. 6. Comparison between different Monte-Carlo simu- 
70 1 Z 3 n ~ 5 6 lation results and with experiment 
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Table 2. Li+(H20)n clusters; Monte-Carlo 
results and tentative AH values at 300~ all 
energies in kJ.  mol 1 

n -Uz /n  -U3/n -AH/n  

7 88.6 75.9 80.5 
8 81.5 70.8 74.7 
9 76.2 66.8 70.2 

10 71.1 64.7 67.0 
11" 68.4 61.1 63.8 
12 65.2 58.5 60.9 
13 62.8 55.7 58.3 
14 61.5 53.6 56.5 
15 59.5 52.7 55.2 
16 59.1 51.9 54.5 
17 55.2 51.4 52.8 
18 53.3 50.4 51.4 
19 51.8 49.2 50.1 
20 50.5 47.2 48.4 
(statistical (• (+.3) (• 
errors) 

265 

systematically bracketted between the two corresponding values of U2 and U3. 
For n -> 7 we  obtained estimates of A H  on the basis of U2 and U3 results, by 
calculating the ratio 

AH~xv-  U2 
n = 6  (12) 

P -- A H e x p -  U3 '  

and  assuming  it to ma in ta in  the  same  value  up  to n = 20. The  s tat is t ical  e r ro r  on 
the estimated A H  is just the sum of the corresponding quantities for U2 and U3, 
and is likely to be only a lower limit for a realistic estimate of the deviation. 

Acknowledgment. Two of us (E.C. and H.K.) wish to thank the IBM-France Scientific Centre of Paris 
and Prof. C. Moser of C.E.C.A.M. for a stay during the fall of 1973. 

References  

1. Lie, G. C., Yoshime, M., Clementi, E.: J. Chem. Phys. 64, 2314 (1976) 
2. Barsotti, R., Clementi, E.: Theoret. Chim. Acta (Berl.) 43, 101 (1977) 
3. Clementi E. Barsotti, R.: Chem. Phys. Lett. 59, 21 (1978) 
4. Kistenmacher, H. Popkie, H. Clementi, E.: J. Chem. Phys. 61, 799 (1974) 
5. Kress, J. W., Clementi, E., Kazak, J. J., Schwartz, M. E.: J. Chem. Phys. 63, 3907 (1975) 
6. Clementi, E., Kolos, W., Lie, G. C., Ranghino, G.: Intern. J. Quant. Chem. (in press) 
7. Clementi, E. : Physics of electronic and atomic collisions, VII ICPEAC. Amsterdam: North 

Holland 1971 
8. Popkie H., Clementi, E.: J. Chem. Phys. 57, 1077 (1972) 
9. Clementi, E. Roetti, C.: Roothaan-Hartree-Fock wave functions. Atomic data and nuclear data 

tables. New York: Academic Press 1974 
10. Boys, S. F., Bernardi, F.: Mol. Phys. 19, 553 (1970) 
11. Axilrod, B. M., Teller, E.: J. Chem. Phys. 11, 255 (1943) 
12. Egan, J. T., Swissler, T. J., Rein, R.: Intern. J. Quant. Chem., Quantum Biol. Syrup. 1, 71 (1974) 



266 E. Clementi et al. 

13. Kistenmacher, H., Popkie, H., Clementi, E.: J. Chem. Phys. 59, 5842 (1973) 
14. Matsuoka, O., Yoshimm, M., Clementi, E.: J. Chem. Phys. 64, 1351 (1976) 
15. Dzidic I., Kebarle, P.: J. Phys. Chem. 74, 1466 (1970) 
16. Arshadi, M., Yamdagni, R., Kebarle, P.: J. Phys. Chem. 74, 1475 (1970) 
17. Popkie, H., Kistenmacher, H., Clementi, E.: J. Chem. Phys. 59, 3 (1973) 

Received May 25, 1979 


